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Least squares estimator for non-ergodic Ornstein-Uhlenbeck 
processes driven by Gaussian processes 

Mohamed El Machkourlf], Khalifa Es-Sebai}bl and Youssef Ouknin^ 


Abstract: The statistical analysis for equations driven by fractional Gaussian process (fGp) is 
relatively recent. The development of stochastic calculus with respect to the fGp allowed to study 
such models. In the present paper we consider the drift parameter estimation problem for the 
non-ergodic Ornstein-Uhlenbeck process defined as dXt = OXtdt -|- dGt, t > 0 with an unknown 
parameter 6 > 0, where G is a Gaussian process. We provide sufficient conditions, based on the 
properties of G, ensuring the strong consistency and the asymptotic distribution of our estimator 
6t of 0 based on the observation {X^, s G [0, t]} as t —)> oo. Our approach offers an elementary, 
unifying proof of [1], and it allows to extend the result of [1] to the case when G is a fractional 
Brownian motion with Hurst parameter H G (0,1). We also discuss the cases of subfractional 
Brownian motion and bifractional Brownian motion. 
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1 Introduction 

While the statistical inference of Ito’s type diffusions has a long history, the statistical analysis 
for equations driven by fractional Gaussian process is relatively recent. The development of 
stochastic calculus with respect to the fGp has allowed to study such models. We will recall 
several approaches to estimate the parameters in fractional models but we mention that the list 
below is not exhaustive: 

- The MLE approach in m, [S]: In general the techniques used to construct maximum 

likelihood estimators (MLE) for the drift parameter are based on Girsanov’s transforms for 
fBm and depend on the properties of the deterministic fractional operators (determined by 
the Hurst parameter) related to the fBm. In this case, the MLE is not easily computable. 

- A least squares approach has been proposed in [TOj: The study of the asymptotic properties of 

the estimator is based on certain criteria formulated in terms of the Malliavin calculus. In 
the ergodic case, the statistical inference for several fractional Ornstein-Uhlenbeck (fOU) 
models has been recently developed in the papers m, m, [2], m, i, isi. The case of 
non-ergodic fOU process of the first kind and of the second kind can be found in [3] and 
[7] respectively. 
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- Method of moments: A new idea has been provided in [9], to develop the statistical inference 
for stochastic differential equations related to stationary Gaussian processes by proposing a 
suitable criteria. This approach is based on the Malliavin calculus, and it makes in principle 
the estimators easier to be simulated. Moreover, as an application, the models discussed 
in [To], [I], [ 2 ], [ 6 ] have been studied in |9| by using this approach. 

In this paper, we consider the non-ergodic Ornstein-Uhlenbeck process X = {Xt,t > 0} given by 
the following linear stochastic differential equation 

Xq = 0; dX^ = 9Xfdt + dGf^ t ^ 0, (1-1) 


where G is a Gaussian process and 0 > 0 is an unknown parameter. 

A problem here is to estimate the parameter 0 when one observes the whole trajectory of A. In 
the case when the process X has Holder continuous paths of order 6 € ( 5 ,1] we can consider the 
following least squares estimator (LSE) 


^ fpXsdX, 

' loX^ds 


t > 0 , 


( 1 . 2 ) 


as estimator of 6, where the integral with respect to A is a Young integral (see Appendix). The 
estimator 9t is obtained by the least squares technique, that is, 9t (formally) minimizes 



ds. 


Moreover, using the formula ()A-1I) we can rewrite 9t as follows, 


— 




2/o*A|d.’ 


t > 0 . 


(1.3) 


Motivated by ()1.3p we propose to use, in the general case, the right hand of (II.3p as a statistic 
to estimate the drift coefficient 9 of the equation (II.ip . More precisely, we define 


(1.4) 


This estimator 9t may exist even if A does not have Holder continuous paths of order 5 G (^j !]• 
We shall provide sufficient conditions, based on the properties of G, under which the esti¬ 
mator 9t is consistent (see Theorem and the limit distribution of 9t is a standard Gauchy 
distribution (see Theorem 12.2p . 


Examples of the Gaussian process G. 

Fractional Brownian motion : 

Suppose that the process G given in a is a fractional Brownian motion with Hurst parameter 
H G (0,1). By assuming that H >5.01 studied the LSE 9t which coincides, in this case, with 
9t by Remark 12.11 In this paper, we extend the result of [1] to the case H G (0,1). Moreover, we 
offer an elementary proof (see Section 3.1). 
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Sub-fractional Brownian motion: 

Assume that the process G given in (HH) is a subfractional Brownian motion with parameter 
H S (0,1). For H > ^, using an idea of m, m studied the LSE 6t which also coincides with 

9t. But the proof of Lemma 4.3 in m relies on a possibly awed technique because the passage 

r / „ i „ „\ 2" 


from line -7 to -6 on page 671 does not allow to obtain the convergence of E 




as t —>• oo. In the present paper, we give a solution of this problem and we extend the result to 
H G (0,1) (see Section 3.2). 

Bifractional Brownian motion: 

To the best of our knowledge there is no study of the problem of estimating the drift of (|l.ll) in 
the case when G is a bifractional Brownian motion with parameters (i7, K) G (0,1)^. Section 3.3 
is devoted to this question. 


2 Asymptotic behavior of the estimator 

Let G = {Gt, t > 0) be a continuous centered Gaussian process defined on some probability space 
{Q,iF,P) (Here, and throughout the text, we assume that E is the sigma-field generated by G). 
The following assumptions are required. 

(7^1) The process G has Holder continuous paths of order 6 G (0,1]. 

(7^2) For every t > 0, E (Gf) < for some positive constants c and 7 . 


2.1 Strong consistency 

We will prove that the estimator 9t given by (II.4|) is strongly consistent. 

It is clear that the linear equation a has the following explicit solution 

Xt = [ e-^^dGs, t > 0 , 

Jo 


where the integral is interpreted in the Young sense (see Appendix). 
Suppose (7^1) holds. Applying the formula (lA-IK we can write 


Xt = Gt + Oe^^Zt, t > 0 , 


where 


Zf := / e-^^Gsds, t > 0 . 

Jo 


Let us introduce the following process 




ft := / e-^^dG,, t > 0 . 


Thus, we can also write 


ft = e-^^Gt + eZt, t > 0 . 


(2.5) 


( 2 . 6 ) 


(2.7) 


( 2 . 8 ) 
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Remark 2.1. Suppose that G has Holder continuous paths of order 6 G (^, 1]. Then the process 
X has 6-Hdlder continuous paths which implies that the estimator 9t coincides with the LSE 
9t by using ^A-l\) . This property is satisfied in the cases of fractional Brownian motion with 
Hurst parameter H > ^, sub-fractional Brownian motion with parameter H > ^ and bifractional 
Brownian motion with parameters {H,K) G (0,1)^ such that HK > ^ (see Section 3). 

Indeed, let us prove that X has 5-Holder continuous paths. From f2.6\} . it suffices to prove that 
the process Z given in ^2. ?| j has 6-Holder continuous paths. Furthermore, Mean Value Theorem 
and the continuity of G entail that Z has Holder continuous paths of order 1. Thus, the result is 
obtained. 

The following theorem gives the strong consistency of the estimator 9^. 

Theorem 2.1. Assume that (HI) and (H2) hold and let 9t be given by Then 

9t ^ 9 almost surely as t ^ oo. (2-9) 


In order to prove this theorem we make use of the following technical lemmas. We will analyze 
separately the numerator and the denominator in the right hand side of the estimator (II.4p . The 
proofs of the following lemmas are given in Appendix. 


Lemma 2.1. Assume that (HI) and {H2) hold. Let Z be the process defined in (2.7). Then, 
Zoo = /o°° e~^^Gsds is well-defined, and as t —)• oo 


Zt —> Zoo almost surely and in Lfiffil). 

Thus, as t —>■ oo 

—> ^cxD := 9Zoo almost surely and in ififfil). 
Lemma 2.2. Assume that (HI) and {H2) hold. Then, as t ^ oo. 


.,-291 


f 


Xffis = e 


-2et 


f 


^2es^2dg —^ _ -Z'fi almost surely. 

ss 29 2 


Proof of Theorem \2.1[ By (|2.6I) , we can write 

{Gt + 9e^^Ztf 


9t = 




2e Jg e^^^ff^ds 


The convergence (j2.9p follows from Lemmas 12.11 and 12.21 


( 2 . 10 ) 

( 2 . 11 ) 


( 2 . 12 ) 

□ 


2.2 Asymptotic distribution 

This section is devoted to the investigation of asymptotic distribution of the estimator 9t oi 9. 
Then, the following assumptions are required. 


{m) 


The limiting variance of e Jg e^^dGg exists as t —>■ oo, i.e., there exists a constant ac > 0 
such that 

r / rt \ 21 


lim E 

t^OO 


-et 




a 


2 

G- 
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(■^4) For all fixed s > 0 


lim E 

t^oo 



= 0 . 


The next theorem proves that 6t is asymptotically Cauchy. 
Theorem 2.2. Assume that {'HI)-{'HA) hold. Then, as t ^ oo, 


e®' [Ot-e 


law 


2aG 




C(l), 


(2.13) 


with C(l) is the standard Cauchy distribution with the probability density function ; x G M. 

In order to prove this theorem we need the following lemmas. The proofs of these lemmas are 
given in Appendix. 


Lemma 2.3. Assume that (HI) holds. Then, for every t >0, we have 

l-X^ = 6 f X^ds + 9Zt f e^^dGs + Rt, 

^ Jo Jo 

where ^ ^ 

Rt:=lG‘f-e [ G^ds + e^ [ ds [ drGsGre-^^^-^\ 

2 Jo Jo Jo 

Lemma 2.4. Assume that (HI), (HS) and {HA) hold. Let F be any a{G}-measurable random 
variable such that P{F < oo) = 1. Then, as t ^ oo, 

(^F, e-®* e^^dGs^ ^ {F, acN ), 

where N ~ AA(0,1) is independent ofG. 


Proof of Theorem \2.2[ Using Lemma 12.31 we can write 


e 


et 



e-^^jje^^dGs eZtZ^ e-^^Rt 

Zoo ^ e-20* X^ds e-20* Xlds 
atxbtP ct. 


Lemma ED yields, as t —)• oo, 


law N 


where N ~ AA(0,1) is independent of G, whereas Lemmas 12.II and 12.21 imply that bt —>• 2 almost 
surely as t —)• oo. On the other hand , e~^^Rt —)• 0 in L^{Q) as t —)• oo because, as t —)• oo. 


e-^^E (G?) < ^ 0, 
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and 


^-et 


pi p s pi p s 

ds drE\GsGr\e~^^^~'^'^ < ce~^^ / ds / dr{sry = 
Jo Jo Jo Jo 


Ci27+2 


^-dt 


(7 + 1)(27 + 2 ) 

Combining this with Lemma 12.21 we obtain that q —)• 0 in probability as t —)• oo. 
By plugging all these convergences together, we get that, as t ^ oo, 

N 


e^U^0,-e)J^2aG 




Moreover, Zoo ~ {0,E which completes the proof. 


0 . 


□ 


3 Applications to fractional Gaussian processes 

This section is devoted to some examples of the Gaussian process G given in m- We will need 
the following technical lemmas. 

Lemma 3.1. Let g : [0,oo) x [0,oo) —)■ M 6e a symmetric function such that §f(s,r) and 
■§^{s,r) exist on (0,oo) x [0, oo). Then, for every t>0, 


Ag{t) := g{t,t) — 26e f g{s,t)e^^ds + O'^e f f g{s,r)e^^^~^^^drds 

Jo Jo Jo 


= 2e 


'0 

-2et 

os 


2 ^' I dse^^ [ dr-^{s,r)e^G 


(3.14) 


JO JO JO 

Proof. Set h{s) := g{s,r)e^^dr. Combining the integration by parts formula together with 

dh, , 


ds 


s = e 


<^^g{s,s) + l^^^{s,r)e<^^dr, 


we obtain 


Ag{t) = g{t,t) — 29e f g{s,s)e^^^ds — 29e f dse^^ f dr^{s,r)e^^ 

Jo Jo Jo 
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0 Jo 

f'dse^^ [\r^{s,r)e^G 
0 Jo ds 


Since g is symmetric, 2||(s, r)l{r=<i} = (s) where is the derivative of the function 

s —> g{s, s). Thus by using again the integration by parts formula, the claim (13.141) is obtained. 

□ 


Lemma 3.2. Let A > — 1. Define 


Then 


Jx{t) := e 


-2et 


ff 


^es^er\ 


s — r\ 


''drds; 


hit) := 



r)^dr. 


lim Jxit) = lim 

t—>-00 t^OO 



r(A + i) 

9\+2 


(3.15) 
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Proof. Let t > 0. We have 


Jx{t) = 2e f dse^^ f dre^^{s — ry 
Jo Jo 


2e 

2e 


0 JO 

-29t l\^^2es 

Jo Jo 

f due-^^u^ f dse^<^^ 

Jo Ju 


i I u^e-^^du - I u^e^^du 


f 

r(A + i) 

0X+2 


as t —)■ oo, 


which proves (|3.15p . 


□ 


3.1 Fractional Brownian motion 

The fractional Brownian motion (fBm) ,t > O) with Hurst parameter H G (0,1) is 

defined as a centered Gaussian process starting from zero with covariance 

E (Hf i -\t- . 

Note that, when H = ^, B^ is a standard Brownian motion. 

Proposition 3.1. Suppose that, in anp, the process G is the fBm B^. Then for all fixed 
H G (0,1) the convergences i2.9\) and i2.13\) hold. 

Proof. By Kolmogorov’s continuity criterion and the fact 

E{By-B^y = \s-tr- s,t> 0, 

we deduce that B^ has Holder continuous paths of order EJ — e foi all e G (0, H). So, the process 
B^ satisfies the assumptions (TLl) and ('H2). Thus the strong consistence (12.91) is obtained in 
the case when G = B^. 

For the convergence (j2.13l) . it suffices to check (ElS) and (^4). Let us first compute the limiting 
variance of Jg e^^dB^ as t —)• oo. We have 


Jo e^'dBy 


= E 


e^^B^ds 


-et I ^et^H _Q 

t^^ - 206-^^ [ e^^E{B^By)ds + E{B^Br)dsdr 

Jo Jo Jo 


_ .I.2H _ g^-et I ^ds („2H , 4.2H 

+ 


/O 
rt 

6 “ 

lo 

rt rt 




},g2^-2et f f ^es^Br ^^2H ^ 

2 Jo Jo 

02 

= J^Qbh y) + dhnit) - —J 2 H{t), 


r — r — s 


dsdr 


(3.16) 
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where g^n (s, r) = \ . 

On the other hand, (I3.14p implies that 


Ag ^ (t) = 2i7e“2®* [ 
® JO 




0 as t —)■ oo. 


(3.17) 


Combining (I3.15D - (I3.17D . we get for every H G (0,1) 


E 


N 2 ' 

.—Ot I ^9s j t^H 


/ 


e^^dBi 


HT{2H) 

—fflH— 


as t —)• oo. 


Hence, to hnish the proof it remains to check that, for all hxed s > 0 


lim E I ) = 0. 

t^OO 


Let us consider s < t. Setting f^H (s,r) = E{Bf B^), it follows from ()A-lh that 


f 

JO 


E\B^e / e^^dB^\ = f^H{s,t) — 9e f^H{s,r)dr 


- Oe [ e^''fj^H{s,r)dr-ee^^[ fsH{s,r)dr 
Js JO 




fBH{s,s) + e - 6»e J fBH{s,r)dr. 


It is clear that e f^H{s, s) — 9e f^H(s, r)dr —)• 0 as t —)• oo. 

Furthermore, if 77 = ^, {s, r) = 0 for every r > s. Then, for H = ^ 


i: 


e-^t I = 0 . 


dr 


Now, suppose that H G (0, U (|, 1). Since 


i: 


eSry2H-l 


- {r - s) 


2H-l\ 


dr > \2H — lls I e^'^r 




er2H-2 


> \2H-l\st 
—>■ oo as t —)• oo 


2H-2 


f 


dr 


e^^dr 


we can apply L’Hospital’s rule to obtain 


lim 

t—>-oo 


-et I er^fsti / 
e I e — {s,r)dr 


i: 


dr 


lim 

t^OO 


He 


-et 


- [r - 


< lim ( He-^^ / e®’' 


t—>-oo 


lim \ —\E 


f 


< lim 

t^OO 


t—>-oo V 6 

(sH\2H - 1 
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- (r - sf^-^ 

-{t-s) 

[t - sf^-^ 


dr 

dr 


0 as t ^ oo, 


which hnishes the proof of Proposition 13.11 


(3.18) 

□ 






















3.2 Sub-fractional Brownian motion 

The sub-fractional Brownian motion (sfBm) with parameter H G (0,1) is a centred Gaussian 
process with covariance function 

E + ((^ + + 1^ “ ^1^^) • 

Note that, when H = \s a. standard Brownian motion. 

Proposition 3.2. Suppose that, in (E2P, the process G is the sfBm . Then for all fixed 
H G (0,1) the convergences h2.y\) and h2.1S\) hold. 


Proof. By Kolmogorov’s continuity criterion and the fact 

E (5f - < (2 - 2‘^^-^)\s - s, t> 0, 

we deduce that has Holder continuous paths of order H — e for all e G (0, H). So, the process 
satisfies the assumptions ("HI) and {'H2). Thus, by Theorem 12.11 the convergence (j2.9|) is 
obtained. 

To prove (I2.13|) . it suffices to check (TLS) and (TLA). The case H = ^ has already been established 
above. Suppose now that H G (0, U (^, 1). Using the same argument as in ()3.16p . we get 


E 



q2 

- —J2H{t), 


(3.19) 


where gsH{s, r) = s^^ + 

Moreover, we have 

Ag ^{t) = 2He-'^^^ [ s‘^^-^e^^ds-2H{2H-1)6-"^^^ [ dse^^f dre^'^{s + r f^-"^. 

® Jo Jo Jo 

It is easy to see that 2He~^^^ Jg s^^~^e^^ds —>• 0 as t —)• oo. 

Furthermore, using the fact that 



—>■ oo as t —)• oo, 


L’Hospital’s rule entails 



0 as t ^ oo. 
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Thus, we deduce that 


(^) 0 as t —>■ oo. 

Combining (13.191) . (13.201) and (I3.15P we get 



HT{2H) 

~~02ir- 


as t —)■ oo. 


(3.20) 


Hence, to finish the proof it remains to check that, for all fixed s > 0 


lim E Sg e 


H „-9t / OricH 


L 


= 0 


Let us consider s <t and let fgH{s,r) = E{SgS^). Then, as in the fBm case, we can write 

E e-®* s) + e"®* r)dr - e^^fsH^s, r)dr. 

It is clear that fgH{s, s) — 9e~^^ e^^fgH^s, r)dr —)■ 0 as t —)■ oo. 

On the other hand, since 

^-et f' ^ ^ 

Js dr 2 Jg'- 


the same argument as in (|3.18l) leads to 


■dj^ 

dr 


„—dt f („ 

e y e 


0 as t —)■ oo. 


which finishes the proof. 


□ 


3.3 Bifractional Browian motion 

Let L t > 0^ be a bifractional Brownian motion (bifBm) with parameters H E (0,1) 

and K S (0,1]. This means that B^'^ is a centered Gaussian process with the covariance function 

2H\^ 




The case K = 1 corresponds to the fBm with Hurst parameter H. The process B^’^ verifies 

2 ^ 


Hf 


< 2^“^|t - s 


2HK 


SO B^’^ has {HK — e)— Holder continuous paths for any e € {0,HK) thanks to Kolmogorov’s 
continuity criterion. The bifBm B^’^ can be extended for 1 < K < 2 with H £ (0,1) and 
HK E {0, 1) (see [3] and [T3]L 

Proposition 3.3. Suppose that, in (EIP, the process G is the bifBm B^’^. Then the conver¬ 
gences /i2.9\) and \2.13\) hold true for all fixed {H, K) £ (0,1)^. 
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Proof. Since has Holder continuous paths of order HK — e for all e G (0, HK), it satisfies 

the assumptions (^1) and (^2). Thus the convergence (|2.9h is satisfied. 

To prove (I2.13p . it suffices to check ("HS) and (^4). Using the same argument as in (I3.16p . we 
have 


E 



+ ^0l2HKit)-2 ^9“^J2HK{t), (3.21) 


where gBH,K{s, r) = ^ 
On the other hand, 


9bH,k 


-i2—KzjT^„—2dt I 


(t) = 2‘^-^HKe-^^^ [ 

Jo 

K{Kf dse^^ [ dre^^{srf^-^s^^ + 
Jo Jo 




The convergence 2^ ^HKe Jq s" 


', 2 -K uir„- 2 et B ^ 2 HK-i^es^g Q as t —)• oo is immediate. 

Also, it is straightforward to check that there exists a constant Ch,k depending on H, K such 
that 


dse^^ dre^^{srf^-^s^^ + ^ dse^^ dre^^^ 


> 


Ch,k 


2HK-2 


se 2 ^ds 


oo as t —)■ oo. 


So, we can apply L’Hospital’s rule to obtain 

rt 


= lim 


,- 0 t rt 


< lim 
t—>-oo 


t—>00 \ 26 

2K-3^-8t rt 


< lim 
t—>oo 


lim J dse^^ J dre^^{sr)‘^^ ^ 

{e^ + r^^f-^dr 

f dr 

Jo 

L 


K-2 


2 ^ — 3j^2HK —2 rt 


.,-et / „6»r 


e^^dr 


—>■0 as t —)■ oo. 

Hence, for every {H, K) G (0,1)^ 

0 as t —)• oo. 

Consequently, (|3.2ip . (13.221) and (|3.15l) imply 

HKT{2HK) 


(3.22) 


E 




02HK 


as t —)• OO. 
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Hence, to finish the proof it remains to check that, for all fixed s > 0 




lim E Bf’^e 

t^OO ' 


r 

H,K 


Let us consider s < t and let fBH,K (s,r) = E{Bs’ Br’ )• Then, as in the fBm case, we can 
write 




— g s{t ^i) _|_ g ot f ^Or (g^ r)dr — 9 e f^H,K{s,r)dr. 

.1 c OT Jq 


We have e fQH,K{s, s) — 6e f^H,K{s, r)dr —>■ 0 as t —)• oo. 


Also, 


r f ^er /2H-1 

J s J s ^ ' 


Hence, if HK < i, L’Hospital’s rule leads to 


• <9/bu, 
dr 


K 


e e(>^^ELJ£^^s,r)dr 


< 2^-^HKe-^* 


< 2^-^HKe-^^ 


l\er + 


dr 


lim 

t^OO 


2^-^HK 


{t — ^ = 0 as t ^ oo. 


If HK = i, 


■ Q/bh, 
dr 


e (^H)dr 


i: 


= 2-^e-®* / e^M 1 - ( 1 + 


2H 


K-B 


dr 


0 as t —)■ oo. 


The last convergence comes from the fact that for r large. 


1 - 1 + 


2H 


K-1 


/ c \ K—1 

(l + _) ^(l-A-) 


< 1 - 


and L’Hospital’s rule. Similarly, ii HK > 

/ 




dr 


< 2^-^HKe 

—>■ 0 as t ^ oo 
which completes the proof. 


/ 


l—Kjji^„—et I ^9r^2HK—l 


q\2H 

1 + (-1 


K-1 


SX 2HK-1 


dr 


□ 
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Appendix 

In this section we present some calculations used in the paper. 


For any a G (0,1], we denote by T]) the set of a-Holder continuous functions, that is, 

the set of functions / : [0, T] —)• M such that 


l/U 


sup 

0<s<t<T 


\f{t) - f{s)\ 
{t - sr 


< OO. 


We also set |/|oo = l/Wl, and we equip Jf’"([0,r]) with the norm ||/||q, := |/|„ + |/|oo- 

Let / G J^“([0,T]), and consider the operator Tj : C^([0,T]) —)• C'^([0,T]) dehned as 

Tf{9){t) = [ f{u)g'{u)du, fG[0,r]. 

Jo 

It can be shown (see, e.g., m Section 3.1]) that, for any /3 G (1 — a, 1), there exists a constant 
Ca,9,T > 0 depending only on a, /3 and T such that, for any g G {[0,T]), 


I 


f{u)g'{u)du 


< C'a,/3,T||/|Ulbll/3- 

0 


We deduce that, for any a G (0,1), any / G J^“([0, Tj) and any /3 G (1 —a, 1), the linear operator 
Tf : C^([0,T]) C =^^([0,T]) —)• =^^([0, Tj), defined as Tf{g) = fg f{u)g'{u)du, is continuous with 
respect to the norm || • ||y 3 . By density, it extends (in an unique way) to an operator defined on 
As consequence, if / G J^“([0,T]), if 5 G ^^([0,T]) and if a + /3 > 1, then the (so-called) 
Young integral fg f{u)dg{u) is well-defined as being Tf{g). 

The Young integral obeys the following formula. Let / G =^"([0,T]) with a G (0,1) and 
g G Jf'^([0,r]) for all (5 G (0,1). Then fggudfu and jg fudgu are well-defined as the Young 
integrals. Moreover, for all t G [0,r], 


ft9t 


fo9o + 


I 9udfu T / 
Jo Jo 


fudgv 


(A- 1 ) 


Proof of Lemma \2.1l We first notice that the integral Z^o 


e ^^Ggds is well-defined because 


Now, we prove (12.101) . 

e > 0, 


e-^^E{\G. 


fC 

:|)(is <y/c 

Jo 


s'^e ^^ds < OO. 


By using Borel-Cantelli’s lemma, it is sufficient to prove that, for any 


n>0 




< OO. 
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Notice that for every e > 0, 




sup 


e-^^G,ds 


< E 


poo 

/ e-^^\Gs\ds 

Jn 
poo 

< \fc / e~^^s^ds 

J n 

< [ 

Jo 

= v^r(i + 7 )Q^ 


e ‘2^s'^ds 
2 \ 1+7 


-^n 

e 2"'. 


Consequently, 

EC 


n>0 


( sup 

poo 

/ e-^^dGs 

>e) 


sup 

poo 

/ e-^^dGs 

\n<t<n-\-l 

Jt 

J 

n>0 

\n<t<n-\-l 

Jt 


< e ^Vcr (1 + 7 ) 0 ^ 2 " < 00 , 


n>0 


which implies that Zt —> Z^a almost surely as t —)■ 00 . Moreover, since 
E 


poo poo 

{Zt-Z^f = / / e-^^e-^^E{GrGs)drds 

-I Jt Jt 

poo poo 

/ / {rsy drds 

Jt Jt 


< c 


= c 


t Jt 

00 \ 2 

^-es^ 


^s'^ds 


n 


—)■ 0 as t —)■ 00 , 

the proof of the claim (I2.10p is finished. The convergence ()2.1ip is a direct consequence of ()2.10l) 
and (|2.8I) . Thus the proof of Lemma l2.II is done. □ 


Proof of Lemma \2.^ It follows from (j2.11l) that foo JJ (O, E ), where 


poo poo 

E[f^]=e^E[zl] =9^ / e-^^e-^^E{GrGs)drds 

Jo Jo 

r*oo poo 


< 


poo poo 

c9^ / / (rs)"! drds 

Jo Jo 


'r(7 + i)', 

= <o°- 


This implies that 

PiCoo = 0 ) = 0 . 

The continuity of f, entails that, for every t > 0 


(A- 2 ) 


I e^-e.ds > 


Q^Ssp^ds > / e‘^^^f,gds > -e®* ( inf ) almost surely. 




(A-3) 
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Furthermore, the continuity of ^ and (|2.11l) yield 


lim inf almost surely. 


\^<s<t 


Combining this last convergence with (IA-2p and (|A-3p . we deduce that 

lim / = oo almost surely. 


t—^OO 


Hence, we can use L’Hospital’s rule to obtain 


lim 


Jo _ ?oo 


^29t 


t^oa e 

which completes the proof of Lemma 12.21 




Proof of Lemma \2.3l Let t > 0. Setting rjt = Jq Xgds, the equation (11.11) leads to 


2^t — + 2^t + 


Moreover, (lA-ip and (11.11) entail 

^rii = j Vsdrjs = j VsXsds = e~^ 

Define Yt := e^^Ggds. Then, by (12.6|) and ()A-1D 

J^Gs (Cs + ee^^Zs'^ ds 
G^ds + e [ e^^GsZsds 


/ 


Xtds - / G,X,ds . 


f 


G i^Xf^ds — 


Gids + e / ZsdYs 


10 JO 

rt rt 

y2 

lO 

rt rt 

Glds + eZtYt-. , 

0 Jo 

t pt ps 

2 
s 


f 

f 

/' 

Jo 


Gf,ds + OZfYt — 


[ YsdZs 
Jo 

[ ds [ drG,Gre-^^^-^\ 

Jo Jo 


Thus, we deduce that 




-Xf = e I Xfds - e^ZtYt + Or^tGt + Rf 


On the other hand, by dni) and (ESI) we get 

eritGt = Gt {Xt - Gt) = -ee^^GtZf 

This implies that 

-e^ZtYt + Or^tGt = -eZtiOYt - e^^Gt) = OZt [' e^^dGs 

Jo 

Combining this with (1A-4D the proof of Lemma 12.31 is done. 


□ 


(A-4) 


□ 
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(A-5) 


Proof of Lemma For any d > 1, si... G [0, oo), we shall prove that, as t —>■ oo, 

{b,, ^ {B^, , •.., acN) , 

which is enough to lead to the desired conclusion. Because the left-hand side in the previous 
convergence is a Gaussian vector (see proof of Lemma 7 in [5j), to get (lA-Sp it is sufficient to 
check the convergence of its covariance matrix. Thus, the assumptions (T-L3) and ('H4) complete 
the proof. □ 
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